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Abstract
In the framework of covariant classical mechanics (i.e. , generally relativistic
classical mechanics on a spacetime with absolute time) developed by Jadczyk
and Modugno, we analyse systematically the relations between symmetries of
geometric objects. We show that the (holonomic) infinitesimal symmetries of
the cosymplectic structure and of its horizontal potentials are also symmetries of
spacelike metric, gravitational and electromagnetic fields, Euler-Lagrange mor-
phism and Lagrangians. Then, we provide a definition for a covariant momentum
map associated with a group of cosymplectic symmetries using a covariant lift of
functions of phase space. In the case when the cosymplectic symmetries projects
on spacetime we see that the components of this momentum map are quantisable
functions in the sense of Jadczyk and Modugno. Finally, we illustrate the results
by some examples.
Key words: Covariant classical mechanics, Covariant quantum mechanics,
Lie groups and symmetry, Jet contact structure, Cosymplectic manifolds
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1 Introduction
At the beginning of the 90’s M. Modugno and A. Jadczyk proposed a new geomet-
ric framework for a generally covariant classical and quantum mechanics on a curved
spacetime with absolute time [15, 16, 31], based on jets, connections and cosymplectic
forms. This approach was later developed in [4, 14, 30, 32, 38, 39, 41]. The theory
will be referred to as ‘covariant classical Galilei theory’ (CCG) and ‘covariant quantum
Galilei theory’ (CQG).
The theory was partially inspired by the wide literature on geometric formulations
of classical and quantum mechanics. Main sources were symplectic and cosymplectic
classical mechanics [1, 3, 6, 13, 24, 26, 27, 28], Newton or Galilei classical mechanics as
general relativistic theories [2, 7, 8, 9, 10, 21, 22, 36, 37], quantum theories of mechanics
within a symplectic or cosymplectic framework (such as geometric quantisation) [5, 9,
13, 19, 23, 34, 35, 37, 42].
The models of CCG and CQG share nice ideas with the above literature, trying at
the same time to avoid some typical problems. For instance, both theories are explicitly
covariant with respect to changes of coordinates, even time–dependent ones. This fea-
ture partially comes from the cosymplectic structure of the phase space in the classical
theory, which is also the classical background for the quantum theory, and overcomes
the problem of explicit time independence of symplectic mechanics. On the other hand,
the cosymplectic structure of CCG is of a special, physically reasonable, type. There-
fore, it excludes those problems of the general cosymplectic formalism, which have no
physical meaning. Additionally, both theories are covariant with respect to the choice
3of units of measurement, because of the fact that the geometric framework incorporates
‘unit spaces’. This kind of covariance requires different geometric techniques compared
to the standard literature. The theory provides a model for classical and quantum holo-
nomically constrained systems of particles, supported by non trivial physically relevant
examples, such as the quantised rigid body [32].
We think that these aspects are promising for the theory to be a mathematical
framework for quantum mechanics.
The goal of this paper is to analyse systematically the symmetries of the structures
involved in the covariant classical Galilei theory and to introduce an associated momen-
tum map. In a subsequent paper we shall apply these results to the covariant quantum
Galilei theory.
In the second section we summarise the basic aspects of the covariant classical Galilei
theory [15, 16, 31, 30] emphasising the natural bijections between the fundamental
geometric objects of the theory.
In the model, classical spacetime is an (n+1)–dimensional manifold fibred over a 1-
dimensional affine space. Spacetime is supposed to be equipped with further geometric
objects. Namely, a scaled vertical metric of spacetime, called spacelike metric, a linear
connection of the tangent bundle of spacetime which preserves the time form, called
spacetime connection (gravitational field), and a scaled 2–form of spacetime (electro-
magnetic field). The phase space is taken to be the first jet space with respect to the
spacetime fibring.
We shall see that there is a natural bijective correspondence between a spacetime
connection, a distinguished affine connection of the phase space, called phase connec-
tion, and a distinguished (nonlinear) homogenous connection of the phase space, called
dynamical connection. Moreover, there is a natural bijective correspondence between
pairs of a phase connection and a spacelike metric and distinguished 2–forms of the
phase space, called dynamical phase 2–forms. On the other hand, there is a natural bi-
jective correspondence between pairs of a dynamical connection and a spacelike metric
and distinguished 2–forms of the second jet space, called horizontal phase 2–forms.
By means of the natural correspondences, we can regard the gravitational field
as a dynamical phase 2–form of phase space if a spacelike metric is chosen. Then,
the electromagnetic field can be incorporated in the gravitational objects through a
‘minimal coupling’. This yields a total dynamical phase 2–form. Assuming the closure
of the gravitational and the electromagnetic 2–forms as the dynamical equations for
these fields, the postulated structure yields naturally a cosymplectic structure on phase
space. The dynamical connection that corresponds to the total dynamical phase 2–form
turns out to be the (scaled) Reeb vector field for this cosymplectic structure [1, 3, 6,
24, 26]. Consequently, it yields naturally the dynamics on spacetime, associated with
the total dynamical phase 2–form, as the geodesic flow of the corresponding dynamical
connection. This leads directly to the notion of conserved quantities.
Equivalently, the dynamics can be described using the contact structure of the
second jet space which yields naturally the (intrinsic) Euler–Lagrange morphism as the
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horizontal phase 2–form.
On the other hand, any closed dynamical phase 2–form has local potentials. The
spacetime-horizontal local potentials are said to be dynamical phase 1–forms and yield
a time-horizontal part, called Lagrangian, according to the contact splitting induced by
phase space. This turns out to be a (local) Lagrangian for the above (global and in-
trinsic) Euler–Lagrange morphism. For any Lagrangian, its associated dynamical phase
1–form turns out to be the Poincare´–Cartan form for this Lagrangian. Furthermore,
given an observer, i.e. any connection of spacetime, a Poincare´–Cartan form splits into
the observed Hamiltonian and the observed momentum.
Finally, we recall the notion of τ -Hamiltonian lift [15, 16, 31], which is a covariant
lift of functions of the phase space to vector fields of phase space motivated from the
covariant quantum Galilei theory. We will see that this lift plays an important role in
the definition of momentum map.
In the third section, we analyse systematically the infinitesimal symmetries of the
geometric objects that we have introduced so far. Hereby, we are mainly interested in
holonomic symmetries. Natural bijections are used to find the relations between the
symmetries of the different objects.
After recalling the basic properties about symmetries and infinitesimal symmetries
we apply this notion to the objects CCG . However, some of the geometric objects
that we need for our analysis are not tensors. Therefore, we show first, how to get
well defined expressions for the infinitesimal symmetries of these objects. We need
these results to show in Theorem 3.1 that any holonomic infinitesimal symmetry of
a spacetime connection is a symmetry of the corresponding phase connection, and
vice-versa. Moreover, any holonomic infinitesimal symmetry of a spacetime connection
turns out to be a symmetry of the corresponding dynamical connection, and vice–versa.
On the other hand, Theorem 3.2 shows that any holonomic infinitesimal symmetry of
a dynamical phase 2–form is also a symmetry of the corresponding spacelike metric
and the corresponding affine connection of the phase space, and vice–versa. Similarly,
we prove in Theorem 3.3 that any holonomic infinitesimal symmetry of the Euler–
Lagrange morphism is also a symmetry of the corresponding pair of a spacelike metric
and a dynamical connection, and vice–versa. This yields directly the equivalence of
(holonomic) symmetries of the dynamical phase 2–form and the corresponding Euler-
Lagrange morphism.
In subsection 3.3, we restrict our attention to closed dynamical 2–forms. We see,
how conserved quantities are related to symmetries of such forms. This yields directly
the Theorem of Noether 3.5 for symmetries of Poincare´–Cartan forms. Using Theorem
3.6 which is also suggested from a natural bijective correspondence and which shows
that any holonomic infinitesimal symmetry of a Poincare´–Cartan form is a symmetry of
the corresponding Lagrangian, and vice versa, we get another equivalent version of the
Noether theorem in Corollary 3.1 which may be more popular to the physical reader.
In subsection 3.4, we provide a definition of covariant momentum map for an action
of a group of symmetries of the cosymplectic structure in our model. This definition is
similar to momentum map in presymplectic and cosymplectic literature [1, 3, 6, 24, 26].
5However, the covariance of our theory requires the concept of τ -Hamiltonian lifts. This
leads us directly to the quantisable functions and thus to the quantum theory.
We see that we can associate to any infinitesimal generator, associated with the
infinitesimal action, a pair, namely a conserved quantity and an element of the vector
space of time units. Such a pair is determined up to an additive real constant of the
conserved quantity. We say a map that associates to each element of the Lie algebra
for the group of cosymplectic symmetries such a pair to be a momentum map for
the (infinitesimal) action of the group. We prove that the τ -Hamiltonian lift of any
component of a momentum map is equal to the infinitesimal generator associated with
the group of symmetries for which this component was defined. Moreover, we introduce,
a bracket for pairs such that the map that associates to a pair its τ -Hamiltonian turns
out to be a morphism of Lie algebras.
For the case of an action that, additionally, projects on an action of the group
on spacetime, we find that the components of a momentum map are of special type.
Namely, they are ‘quantisable functions’, i.e. functions which are polynomials of sec-
ond degree in the velocities, and whose second derivative (with respect to velocities)
is proportional to the metric. Such functions are of fundamental importance in the
quantum part of this model [15, 16, 31]. This feature is new with respect to standard
symplectic momentum map formalism, and is mainly due to covariance requirements.
Its importance is fundamental in quantum mechanics. In this case, a momentum map
is determined by the first component of the pairs. Then, we consider an action of a
group of symmetries that, additionally, is a group of symmetries of a Poincare´–Cartan
form. Here, the momentum map turns out to be unique and it is determined by the
Poincare´–Cartan form.
Finally, three very simple examples are provided in order to show the machinery
at work. These examples show also, that in standard time–independent situations
of particle mechanics we get the same results as standard symplectic mechanics [27].
However, we are able to treat time–dependent cases, as well. Therefore, we can relate
time translations to the Hamiltonian in the standard (relativistic) way. For a less trivial
application of the momentum map in our theory, see [32].
We find our results promising also in view of a next research about symmetries of
quantised systems.
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2 Covariant classical Galilei theory
In order to be rather self contained, we start by recalling the main points of the covariant
classical Galilei theory. [4, 16, 15, 31]
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2.1 Unit spaces
Now, we are going to assume the fundamental spaces of units of measurement and
coupling constants.
The theory of unit spaces has been developed in [15, 16] to make the independence of
classical and quantum mechanics from scales explicit. Unit spaces are defined similarly
to vector spaces, but using the abelian semigroup IR+ instead of the field of real numbers
IR. In particular, positive unit spaces are defined to be 1–dimensional (over IR+) unit
spaces. It is possible to define n–th tensorial powers and n–th roots of unit spaces.
Moreover, if P is a positive unit space and p ∈ P, then we denote by 1/p ∈ P∗ the dual
element. Hence, we can set P−1 := P∗. In this way, we can introduce rational powers
of unit spaces.
We assume the following unit spaces.
–T , the oriented one–dimensional semi-vector space of time intervals ;
–L , the positive unit space of length units;
–M , the positive unit space of mass units;
We denote by P := P ⊗ R the associated vector space to the unit space P. An
element u0 ∈ T (or u
0 ∈ T−1) represents a time unit of measurement , a charge is
represented by an element q ∈ Q := T−1 ⊗ L3/2 ⊗M1/2, and a particle is represented
by a pair (m, q), where m is a mass and q is a charge. A tensor field with values into
mixed rational powers of T, L, M is said to be scaled . We assume the Planck’s constant
~ ∈ T−1⊗L2⊗M.
We will often be involved with the Lie derivative of scaled tensor fields. It can be
shown [15, 16] that the Lie derivative commutes with the scaling.
In the following, we assume all manifolds and maps to be C∞.
2.2 Spacetime and phase space
Assumption C.1. We assume spacetime to be an (n + 1)-dimensional oriented
fibred manifold
t : E → T
over a 1-dimensional oriented affine space T (time) associated with the vector space T¯,
where n ∈ N with n ≥ 2.
We shall refer to spacetime charts (x0, xi), which are adapted to the fibring, to a
time unit of measurement u0 ∈ T and to the chosen orientation of E. The index 0 will
refer to the base space, Latin indices i, j, · · · = 1, 2, 3 will refer to the fibres, while Greek
indices λ, µ, · · · = 0, 1, 2, 3 will refer both to the base space and the fibres.
A motion is defined to be a section s : T → E. The coordinate expression of a
motion s is of the type si := xi◦s : T → IR.
We shall be involved with the tangent bundle τE : TE → E and the vertical tangent
subspace VE := ker T t ⊂ TE. We denote the charts induced on TE by (xλ, x˙λ);
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moreover, we denote the induced local bases of vector fields, of forms and of vertical
forms of E, respectively, by (∂λ), (d
λ) and (dˇi).
The phase space is defined to be the first jet space of motions t10 : J1E → E.
We denote the charts induced on J1E by (x
0, xi, xi0). We will be involved with the
second jet space of motions t20 : J2E → E. We denote the charts induced on J2E by
(x0, xi, xi0, x
i
00).
The velocity of a motion s is the section j1s : T → J1E, with coordinate expression
xi0◦j1s = ∂0s
i.
The phase space is equipped with the natural maps d1 : J1E → T
∗⊗TE and
ϑ1 : J1E → T
∗E⊗
E
VE, with coordinate expressions d1 = u
0 ⊗ d1,0 = u
0 ⊗ (∂0 + x
i
0 ∂i)
and ϑ1 = ϑ
i
1 ⊗ ∂i = (d
i − xi0 d
0) ⊗ ∂i. Analogously, the jet space J2E is equipped
with the natural maps d2 : J2E → T
∗ ⊗ TJ1E and ϑ2 : J2E → T
∗E ⊗
J1E
V J1E, with
coordinate expressions d2 = u
0 ⊗ d2,0 = u
0 ⊗ (∂0 + x
i
0 ∂i + x
i
00 ∂
0
i ) and ϑ2 = ϑ
i
2 ⊗ ∂i =
(di0 − x
i
00 d
0)⊗ ∂0i + (d
i − xi0 d
0)⊗ ∂i.
An observer is defined to be a section o : E → J1E. Its coordinate expression is of
the type o = u0⊗(∂0 + o
i
0 ∂i), where o
i
0 : E → IR.
An observer o can be regarded as a scaled vector field of E. The integral motions of
an observer o are defined to be the motions s such that j1s = o◦s. An observer o yields
locally a fibred splitting E → T × P , where P is the manifold of integral motions of
o. An observer is said to be complete if it yields a global splitting of E. A spacetime
chart is said to be adapted to o if it is adapted to the local splitting of E induced by o,
i.e. if oi0 = 0.
An observer o can be regarded as a connection of the fibred manifold E → T . Ac-
cordingly, it yields the translation fibred isomorphism ∇[o] : J1E → T
∗⊗VE, given
by ∇[o](e1) := e1−o(t
1
0(e1)). We have the coordinate expression ∇[o] = (x
i
0−o
i
0) d
0⊗∂i.
2.3 Natural bijective correspondences
In the following we define distinguished objects living on spacetime or phase space and
we investigate their relations. In a concrete model of a classical system these objects will
be either determined by further assumptions or as a consequence of the assumptions.
Definition 2.1. A scaled vertical Riemannian metric
g : E → L2⊗(V ∗E ⊗
E
V ∗E)(2.1)
is said to be a spacelike metric.
The coordinate expression of a spacelike metric g is g = gij dˇ
i⊗ dˇj, where gij : E →
L¯2.
Given a mass m ∈M, it is convenient to introduce a “normalised” metric G ≡ m
~
g,
with coordinate expression G = G0ij u0⊗dˇ
i⊗dˇj, where G0ij : E → IR.
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A metric G yields a family of Riemannian connections of the fibres of E → T
κ : VE → V ∗E ⊗
VE
V VE(2.2)
with coordinate expression κ = dk⊗(∂k+κk
i
h x˙
h ∂˙i), where κk
i
h are the usual Christoffel
symbols on the fibres of E → T related to G.
Next, we analyse distinguished connections that can be defined on spacetime or
phase space. We recall the fact, that for any fibred manifold p : F → B, there are
natural bijective correspondences
c↔ ν ↔∇
between the connections c : F → T ∗B⊗
F
TF , the vertical projectors ν : F → T ∗F ⊗
F
V F
and the covariant derivatives ∇ : J1F → T
∗B ⊗
F
V F of p. In order to give their
coordinate expressions, we take, only in this case, greek indices for the basis coordinates
and latin indices for the fibres. Then, their expressions are c = dλ⊗(∂λ + c
i
λ∂i), ν[c] =
(di − ciλd
λ)⊗∂i and ∇[c] = (x
i
λ − c
i
λ)d
λ⊗∂i.
Definition 2.2. A spacetime connection is defined to be a dt–preserving torsion
free linear connection of the vector bundle TE → E
K : TE → T ∗E ⊗
TE
TTE .(2.3)
The coordinate expression of any spacetime connection K is of the type K = dλ⊗
(∂λ + Kλ
i
ν x˙
ν ∂˙i), where Kν
i
λ = Kλ
i
ν : E → IR. The compatibility with dt, i.e. the
condition ∇[K]dt = 0, is expressed by Kµ
0
ν = 0.
The restriction of a spacetime connection K to the vertical tangent bundle is a linear
connection K ′ : VE → T ∗E ⊗
VE
TVE.
A spacetime connection K is said to be metric if ∇[K ′]G = 0. In this case, K is
partially determined by the metric according to the local formulas Kihj = −
1
2
(∂iGhj +
∂jGhi − ∂hGij) and K0ij +K0ji = −∂0Gij where indices have been raised or lowered by
the metric G.
Definition 2.3. A phase connection is defined to be a torsion–free affine connection
of the affine bundle J1E → E
Γ : E → T ∗E ⊗
J1E
TJ1E .(2.4)
Here the torsion is defined through the vertical valued form ϑ1 [29].
The coordinate expression of Γ is of the type Γ = dλ⊗
(
∂λ + Γλ
i
0 ∂
0
i
)
, where Γλ
i
0 ≡
Γλ
i
0
0
h x
h
0 + Γλ
i
0
0
0 and Γλ
i
0
0
j , Γλ
i
0
0
0 : E → IR.
It can be easily seen in coordinates, that there is a natural bijective correspondence
[16, 14, 31]
K ↔ Γ[K]
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between spacetime connections and phase connections with coordinate expression Γλ
i
0
0
j =
Kλ
i
j and Γλ
i
0
0
0 = Kλ
i
0.
A second order connection of spacetime is defined to be a (nonlinear) connection of
the fibred manifold J1E → T
γ : J1E → T
∗⊗TJ1E ,(2.5)
which is projectable on the contact map d1. The coordinate expression of γ is of the
type γ = u0⊗(∂0 + x
i
0∂i + γ0
i
0), where γ0
i
0 : J1E → IR.
Definition 2.4. A second order connection is said to be a dynamical connection if
it is “homogeneous” in the sense of [18], i.e. if its coordinate expression is of the type
γ0
i
0 ≡ γ0
i
0
0
h
0
k x
h
0x
k
0 + 2 γ0
i
0
0
h x
h
0 + γ0
i
0
0
0 and γ0
i
0
0
h
0
k, γ0
i
0
0
h, γ0
i
0
0
0 : E → IR.
We will be involved with the covariant derivative of a dynamical connection, i.e. the
morphism ∇[γ] : J2E → T
∗⊗T∗⊗VE with coordinate expression ∇[γ] = u0⊗(xi00 −
γi00)d
0⊗∂i.
We can easily see in coordinates that the map Γ 7→ γ[Γ] := d1 yΓ is a natural
bijective correspondence [30]
Γ↔ γ[Γ]
between the phase connections and dynamical connections, namely such that γ0
i
0
0
h
0
k =
Γh
i
0
0
k, γ0
i
0
0
h = Γh
i
0
0
0 and γ0
i
0
0
0 = Γ0
i
0
0
0.
Next, we define distinguished forms of J1E and J2E that can be defined through
the above objects.
Definition 2.5. A 2–form Ω of J1E of the type
Ω[G,Γ] = ν[Γ] ∧¯ ϑ1 : J1E → Λ
2T ∗J1E ,(2.6)
where ν[Γ] is the vertical projection associated with a phase connection Γ and where
the contracted wedge product is taken with respect to a spacelike metric G a dynamical
phase 2–form.
We have the coordinate expression Ω[G,Γ] = G0ij (d
i
0 − Γλ
i
0 d
λ) ∧ ϑj1 = G
0
ij (d
i
0 −
γ0
i
0d
0 − Γh
i
0 ϑ
h
1) ∧ ϑ
j
1.
We observe that the above form is the only natural 2–form which can be obtained
from Γ and G [14, 16]. Moreover, the form Ω[G,Γ] is non degenerate in the sense that
dt ∧ Ω[G,Γ]n is a volume form of J1E. We can easily prove that there is a unique
scaled vector field X : J1E → TJ1E such that iX dt = 1 and iX Ω[G,Γ] = 0, namely,
X = γ[Γ], the dynamical connection. This yields a natural bijective correspondence
(G,Γ)↔ Ω[G,Γ]
between the pairs of a spacelike metric and a phase connection and the dynamical phase
2–forms.
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Definition 2.6. A 2–form E of J2E of the type
E [G, γ] = ∇[γ] ∧¯ϑ1 : J2E → Λ
2T ∗E ,(2.7)
where ∇[γ] is the covariant differential associated with a dynamical connection γ and
where the contracted wedge product is taken with respect to a spacelike metric G is
called a horizontal phase 2–form.
We have the coordinate expression E [G, γ] = G0ij(x
i
00 − γ
i
00)d
0 ∧ (dj − xj0d
0).
Analogously to the case of a dynamical phase 2–form, it turns out that there is a
natural bijective correspondence
(G, γ)↔ E [G, γ]
between the pairs of a spacelike metric and a dynamical connection and the horizontal
phase 2–forms.
Consequently, we obtain a natural bijective correspondence
Ω[Γ, G]↔ E [∇γ[Γ], G]
between the dynamical phase 2–forms and the horizontal phase 2–forms.
It turns out that the horizontal phase 2–form E corresponding to a dynamical phase
2–form Ω coincides with the horizontal part of Ω according to the contact splitting of
forms of J1E induced by J2E.
Let us consider the case of a closed dynamical phase 2–form Ω. We can prove
[15, 16, 29, 31] that dΩ = 0 is equivalent to the conditions that ∇[K ′]G = 0 and that,
in coordinates, the curvature R[K] : E → Λ2T ∗E ⊗
E
VE ⊗
E
T ∗E fulfills Rλ
i
µ
j = Rµ
j
λ
i.
Given an observer o we can define the 2–form of E Φ[o] := 2o∗Ω : E →
2
∧T ∗E. It
turns out that dΩ = 0 is also equivalent to the conditions ∇[K ′]G = 0 and dΦ[o] = 0.
Remark 2.1. If the phase space J1E is equipped with a closed dynamical phase
2–form Ω, the triple (J1E,Ω, dt) turns out to be a cosymplectic manifold. The corre-
sponding dynamical connection turns out to be the (scaled) Reeb vector field for this
cosymplectic structure.
Moreover, a closed dynamical phase 2–form Ω admits potential 1–forms of J1E. In
the following we introduce a special kind of such potential forms.
Definition 2.7. A horizontal 1–form Θ : J1E → T
∗E such that dΘ = Ω where Ω
is a closed dynamical phase 2–form is said to be a dynamical phase 1–form associated
with Ω.
For any observer o, the expression of a dynamical phase 1–form associated with Ω
in adapted coordinates is given by Θ = −(1
2
G0ijx
i
0x
j
0 −A0)d
0+ (G0ij +Ai)d
i where Aλd
λ
is a potential of the closed 2–form Φ[o] = 2o∗Ω. Clearly, a dynamical phase 1–form
associated with Ω is determined up to a closed 1–form of E.
According to the contact splitting of Θ induced by J1E we define the following
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Definition 2.8. The Lagrangian L[Θ] associated with a dynamical phase 1–form
Θ is defined to be the time-horizontal 1–form
L := d1 yΘ : J1E → T
∗T .(2.8)
The momentum P[L] of the Lagrangian L is defined to be the vertical derivative of L
with respect to the fibring t10 : J1E → E, i.e. P := VEL.
We have the coordinate expressions L[Θ] = (1
2
G0ijx
i
0x
j
0 +Aix
i
0 +A0)d
0 and P[L] =
(G0ijx
j
0 + Ai)(d
i − xi0d
0) .
It turns out that Θ splits into Θ = L[Θ] + P[L[Θ]]. This splitting coincides with
the contact splitting of Θ induced by J1E.
This yields directly the natural bijective correspondence
Θ↔ L[Θ]
between dynamical phase 1–forms and Lagrangians.
Moreover, Θ[L] turns out to be the Poincare´–Cartan form associated with the La-
grangian L. Hence, in the following, we say any dynamical phase 1–form to be a
Poincare´–Cartan form. We stress the fact that the objects Θ, L and P do not depend
on an observer but on a chosen local gauge. It is for practical convenience that we have
given the coordinate expressions with respect to an observer.
Given a closed dynamical phase 2–form Ω it can be proved that the horizontal
phase 2–form E [Ω] coincides with the Euler-Lagrange morphism associated with any
Lagrangian L[Θ] where Θ is a dynamical phase 1–form associated with Ω. Hence, in
the following, we say a horizontal phase 2–form to be an Euler-Lagrange morphism,
when we are dealing with closed dynamical phase 2–forms.
The above results concerning Θ, Ω, L and E are described by the following commu-
tative diagram
Θ
d
−−−→ Ω
id1
y
yiϑ2 id2
L
ǫ
−−−→ E
This diagram can be regarded as a piece of a more comprehensive natural bicomplex,
which accounts for the Lagrangian formalism via a cohomological scheme [20, 30, 40].
We summarise the above results in the following proposition
Proposition 2.1. The following natural bijective correspondences hold
K ↔ Γ↔ γ(2.9)
Ω↔ (Γ, G)↔ (γ,G)↔ E(2.10)
Θ↔ L(2.11)
It can be seen that there is another splitting of a Poincare´–Cartan form Θ which
is observer dependent. Namely, given an observer o, each Poincare´–Cartan form splits,
according to the splitting of T ∗E induced by o into the morphism −H[o,Θ] := −o yΘ :
J1E → T
∗T , called observed Hamiltonian, and the morphism P[o,Θ] := ϑ1 y (ν[o] yΘ) :
J1E → T
∗E , called observed momentum.
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2.4 Classical dynamics
We are involved with two different approaches to the classical dynamics in our context.
The first seems to be more direct and consists in defining directly the law of particle
motion, namely, the (generalised) Newton law.
Definition 2.9. Let γ be a dynamical connection and s a motion. Then, the con-
dition on s,
∇[γ]j1s := j2s− γ◦j1s = 0 .
is said to be the law of motion for the dynamical connection γ [4, 16, 15, 31].
The law of motion has the coordinate expression ∂0∂0s
i − γi00◦s = 0.
A dynamical connection γ can be regarded (up to a time scale) as a vector field of
J1E, hence, a motion fulfilling the above equation is just an integral curve of γ.
It is easy to see that a motion s fulfills the above law if and only if, for any f :
J1E → IR, we have
d(f ◦j1s) = (γ.f)◦j1s .(2.12)
where γ.f := df(γ). In the particular case when γ.f = 0 we call f a conserved quantity .
On the other hand, if the metric G is given by a concrete model, the natural bijective
correspondence E ↔ (G, γ) leads to an equivalent approach to the equations of motion,
namely, the equation E(L)j2s = 0 for any Lagrangian L.
2.5 Hamiltonian lift and quantisable functions
Let us consider a dynamical phase 2–form Ω. Then, Ω yields in a natural way the
Hamiltonian lift of functions f : J1E → IR to vertical vector fields H [f ] : J1E →
V J1E. The musical morphism Ω
♭ : V J1E → T
∗
γ J1E turns out to be an isomorphism
of vector spaces between vertical vector fields of J1E and forms of J1E that annihilate
the corresponding γ. Clearly, in the case when Ω = Ω[G,Γ], then γ = γ[Γ].
More generally, taking into account the independence of units, the choice of a time
scale τ : J1E → TT yields, in a natural (covariant) way, the τ -Hamiltonian lift of
functions f : J1E → IR to vector fields
Hτ [f ] :=< τ, γ > + (Ω
♭)−1(df− < γ.f, dt >) : J1E → TJ1E(2.13)
whose time component is τ . We observe, that it is the scaling of the time form which
requires such a (covariant) lift, rather than the standard lift in cosymplectic mechanics.
Its coordinate expression is
Hτ [f ] = τ
0(∂0 + x
h
0∂h + γ0
i
0∂
0
h) +G
0
hk(−∂
0
kf∂h + (∂kf + (Γk
l
0 −G
0
krG
ls
0 Γs
r
0) ∂
0
l f) ∂
0
h)
where τ 0 := < τ, u0 >.
In view of later developments in the quantum theory, it can be proved [16, 15] that
Hτ [f ] is projectable on a vector field X [f ] : E → TE if and only if the following
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conditions hold: i) the function f is quadratic with respect to the affine fibres of
J1E → E with second fibre derivative f
′′⊗G, where f ′′ : E → TT and ii) τ = f ′′. A
function of this kind is called special quadratic and is of the type
f =
1
2
f 0G0ijx
i
0x
j
0 + f
0
i x
i
0 +
o
f, ,
with f 0, f 0i ,
o
f : E → IR.
Next, assume that Ω is closed. Then, the τ -Hamiltonian lift yields a Poisson bracket
for functions of J1E, namely, the bracket {f, g} := = iH0[f ] iH0[g]Ω. We observe that if
τ, σ are time scales, then {f, g} = iHτ [f ] iHσ [g]Ω. The vector space of special functions is
not closed under the Poisson bracket, but it turns out to be an IR-Lie algebra through
the natural special bracket [f, g] = {f, g}+γ(f ′′).g−γ(g′′).f , where {f, g} is the Poisson
bracket of the functions f and g. Of particular interest are such special functions whose
time component is a constant. They are called quantisable functions with constant time
component.
It is easy to see that we can apply this bracket also onto scaled functions. In partic-
ular, the Hamiltonian is a (scaled) quantisable function with constant time component.
3 Symmetries in covariant classical mechanics
In the this section we want to introduce the notion of symmetry to the objects which
we have defined on spacetime and phase space. We give theorems about the relation
between the symmetries of these objects. The natural correspondences turn out to be
an indicator for symmetry relations. We see that these results can be directly compared
to standard results of Hamiltonian or Lagrangian mechanics. On the other hand, we
think that our (non standard) approach to these results within the covariant framework
is promising, especially in view of applications to quantum theory (CQG).
3.1 Symmetries and infinitesimal symmetries
First, we want to recall the basic facts about symmetries, groups of symmetries and
infinitesimal symmetries of manifolds, fibred manifolds and tensors.
Let M be a manifold. Then, we define a symmetry of the manifold M to be a
diffeomorphism f : M →M .
The diffeomorphisms f : M → M constitute a group, called the diffeomorphism
group Diff (M ), which operates on the manifold M via the natural left action Φ :
Diff (M) ×M → M : (f,m) 7→ f(m). The group Diff (M) is infinite dimensional,
hence, it is difficult to deal with the full group. But, in practice, we are interested in
finite dimensional subgroups with the structure of a Lie group.
On the other hand, we are often interested in an “abstract” Lie group G which acts
on the manifold M through a left action Φ : G×M →M . The map Φ yields a group
morphism (which may still be denoted by Φ) Φ : G → Diff (M). This map needs not
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to be injective. In the particular case when this map is injective we can identify the
“abstract” group G with the corresponding subgroup of Diff (M).
By taking the tangent prolongation of the action Φ with respect to G, at the unit
element e ∈ G, we obtain the linear fibred morphism over M , ∂Φ : TeG×M → TM .
By considering the natural identification of TeG with the Lie algebra g of left in-
variant vector fields of G we can write the above morphism as a map
∂Φ : g→ Sec(TM) : ξ 7→ X [ξ] := ∂Φ(ξ) ,
which turns out to be an antihomomorphism of Lie algebras. We call ∂Φ : g×M → TM
an infinitesimal left action of the Lie algebra g on M and the vector field X [ξ] of M
infinitesimal generator of the infinitesimal action corresponding to ξ.
Clearly, if Φ : G→ Diff (M) is injective, then also ∂Φ : g→ Sec(TM) is injective.
The above discussion suggests the following definition. We call a vector field X :
M → TM an infinitesimal symmetry of the manifold M (since its local flow is a local
group of diffeomorphisms). Now, by considering a left action Φ of a Lie group G on
M , the set of infinitesimal generators {X [ξ] : M → TM , ∀ ξ ∈ g} turns out to be a
subalgebra of the Lie algebra of infinitesimal symmetries of M .
Now we extend the definition of symmetries to manifolds that are equipped with
further structure.
Let p : E → B be a fibred manifold. Then, we define a symmetry of the fibred
manifold p to be a fibred diffeomorphism f of E over B, i.e. a symmetry f : E → E
of the manifold E which projects on a symmetry f : B → B of the base space B.
Given a (Lie) group of symmetries of M any infinitesimal generator X [ξ] turns out to
be a vector field X : E → TE which projects on a vector field X : B → TB. This
suggests to call any vector field X of E that projects on a vector field X of B an
infinitesimal symmetry of the fibred manifold p (since its local flow is a local group of
fibred diffeomorphisms).
Let f : M →M be a symmetry of the manifoldM . Then, the tangent prolongation
Tf : TM → TM turns out to be a symmetry of the fibred manifold τM : TM →M .
Moreover, for each left action Φ : G × M → M , the tangent prolongation TΦ :
G × TM → TM : (g, y) 7→ T (Φg)(y) turns out to be a left action, called the tangent
prolongation of Φ.
Let ν be a tensor field of M , which is contravariant of order s and covariant of
order r. Then, we define a symmetry of the tensor field ν to be a diffeomorphism
f : M →M such that ν◦
s
⊗Tf =
r
⊗Tf ◦ν.
As before, we can define groups of symmetries of ν. It turns out that each infinites-
imal generator X [ξ] associated with a (Lie) group of symmetries of the tensor field ν
fulfills the equation LX[ξ] ν = 0. This suggests to call any vector field X of M such
that LX ν = 0 an infinitesimal symmetry of the tensor field ν (since its local flow is a
local group of symmetries of the tensor field).
Now, let f : E → E be a symmetry of the fibred manifold p : E → B. Then,
for each 1 ≤ k, the k-jet prolongation Jkf : JkE → JkE turns out to be a symmetry
of the fibred manifolds pkh : JkE → JhE and p
k : JkE → B, for each 1 ≤ h < k.
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Moreover, for each left action of symmetries Φ : G × E → E, the k-jet prolongation
JkΦ : G × JkE → JkE : (g, ek) 7→ Jk(Φg)(ek) turns out to be a left action, called the
k-jet prolongation of Φ.
Let us recall the natural involution s : TTM → TTM [12]. This map yields the
natural prolongation of each vector field X : M → TM to the vector field X(T ) := s◦
TX : TM → TTM . If X = Xλ∂λ, then X(T ) = X
λ∂λ + ∂µX
λx˙µ∂˙λ. The map
X 7→ X(T ) turns out to be a morphism of Lie algebras. Let Φ : G ×M → M be a
left action of G on M . Then, we obtain s◦T∂Φ = ∂TΦ : g × TM → TTM , hence,
s◦T∂Φ turns out to coincide with the infinitesimal left action of the Lie algebra g on
the manifold TM .
We recall the natural map rk : JkTE → TJkE [25]. This map yields the natural
prolongation of each vector field X : E → TE to the vector field X(k) := r
k ◦JkX :
JkE → TJkE. In particular, if X = X
λ∂λ +X
i∂i, then X(1) = X
λ∂λ +X
i∂i + (∂µX
i+
∂kX
ixkµ− ∂µX
λxiλ)∂
µ
i . The map X 7→ X(k) turns out to be a morphism of Lie algebras.
Let Φ : G × E → E be a left action of a group G such that {Φg, g ∈ G} is a group
of symmetries of the fibred manifold p : E → B. Then, we obtain rk◦Jk∂Φ = ∂JkΦ :
g × JkE → TJkE, hence, r
k ◦Jk∂Φ turns out to coincide with the infinitesimal left
action of the Lie algebra g on the manifold JkE.
In general, we say all above natural prolongation of symmetries, infinitesimal sym-
metries and actions to be holonomic. By abuse of language we often call the group G
a group of symmetries if the left action Φ of G is given such that Φg is a symmetry for
all g ∈ G.
3.2 Infinitesimal symmetries of spacetime structures
Now, we apply the above general definitions of infinitesimal symmetries to covariant
classical mechanics. However, some of the morphisms (contact maps, spacelike metric)
cannot be regarded as tensors, naturally. Consequently, a (direct) definition of their
symmetries would require naturality techniques [17]. Instead, we show that it is possible
in our case to give a meaning to their infinitesimal symmetries keeping the standard
Lie derivative.
Symmetries of spacetime
An infinitesimal symmetry of spacetime is an infinitesimal symmetry of the fibred man-
ifold t : E → T which, additionally, preserves the affine structure of T . More precisely,
we define an infinitesimal symmetry of spacetime as a vector field X : E → TE which
is projectable on a vector field X : T → TT and such that X is constant.
An easy calculation shows that
Proposition 3.1. A vector field X : E → TE is an infinitesimal symmetry of
spacetime if and only if LX dt = 0.
If X = X0∂0 +X
i∂i is the coordinate expression, then the conditions are equivalent
to ∂µX
0 = 0.
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Proof. In coordinates, any vector field X of E is of the type X = X0∂0 + X
i∂i,
where X0, X i : E → IR are functions. The time form writes as dt = u0d
0. Hence,
LXdt = u0⊗ (∂0X
0d0 + ∂iX
0di). Therefore, LXdt = 0 if and only if ∂iX
0 = 0 and
∂0X
0 = 0. But the first condition on X0 means that the vector field X is projectable
and, together with the second condition, that X0 is even constant. QED
Symmetries of the contact maps
On any fibred manifold p : E → B, the contact maps ϑ1 and d are not tensors. Hence,
their symmetries require naturality techniques. However, it is possible to use a standard
Lie derivative for both objects by using the 1–dimensional affine structure of T in the
following way.
The affine structure of p10 : J1E → E yields the following Lemma
Lemma 3.1. The map ϑ1 can be naturally regarded as a (scaled) tensor
ϑ1 : J1E → T
∗E ⊗
E
VE →֒ T⊗(T ∗J1E ⊗
J1E
TJ1E) .
An easy calculation gives the following lemma which relates infinitesimal spacetime
symmetries and holonomic infinitesimal symmetries of ϑ1.
Proposition 3.2. Let X be an infinitesimal spacetime symmetry. Then, X(1) is a
holonomic infinitesimal symmetry of ϑ1, i.e. LX(1) ϑ1 = 0.
Proof. If X = X0∂0 + X
i∂i where X
0 ∈ IR,X i : E → IR, then, LX(1) ϑ1 =
u0⊗(∂0X
0dk⊗∂0k − ∂lX
0xk0d
l⊗∂0k − ∂0X
0xk0d
0⊗∂0k) = 0. QED
Lemma 3.2. Let p : F → B a fibred manifold. Let X : F → TF be a vector
field which projects on a vector field X : B → TB, and let Y : F → TB be a fibred
morphism (over the identity on B). Let Y˜ : F → TF be any extension of Y , i.e. a
vector field projectable on Y . Then, LX Y := Tp◦(LX Y˜ ) is well defined, i.e. it does not
depend on the extension Y˜ of Y .
We obtain the following coordinate expression
LX Y = (X
µ∂µY
λ − Y µ∂µX
λ +X i∂iY
λ)∂λ .
Proof. In coordinates, we have
LX Y˜ = (X
µ∂µY
λ − Y µ∂µX
λ +X i∂iY
λ − Y˜ i∂iX
λ)∂λ
+(Xµ∂µY˜
j − Y µ∂µX
j +X i∂iY˜
j − Y˜ i∂iX
j)∂j .
Since X is projectable, this yields Tp◦LX Y˜ = (X
µ∂µY
λ − Y µ∂µX
λ +X i∂iY
λ)∂λ.
This does not depend on the coefficients Yi. The result turns out to be independent
of the chart. QED
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In the following we use Lemma 3.2 to define symmetries of d.
Proposition 3.3. Let X : E → TE an infinitesimal spacetime symmetry. Then,
X(1) is a holonomic infinitesimal symmetry of d, i.e. LX(1) d1 = 0.
Proof. d is a (scaled) fibred morphism over E. Thus, Lemma 3.2 yields the
equality
LX(1) d1 = u
0⊗(Xλ∂λd
µ
1,0 +X
i
0∂
0
i d
µ
1,0 − d
λ
1,0∂λX
µ)∂µ = 0
where the components of d1 were given by d
µ
1,0 = (1, x
i
0). QED
Symmetries of spacelike metrics
Let G be a spacelike metric. Clearly, G is not a tensor of E. Hence, in order to define
its infinitesimal symmetries, we use the following lemma [31].
Lemma 3.3. Let us consider a fibred manifold p : F → B, a vector field X of
F which is projectable on a vector field X of B and a vertical covariant tensor α :
F →
r
⊗V ∗F . Then, the vertical restriction (L[X ]α˜)ˇ : F →
r
⊗V ∗F of the Lie derivative
L[X ]α˜, where α˜ : F → T ∗F is an extension of α, does not depend on the choice of the
extension α˜.
Hence, the Lie derivative L[X ]α := (L[X ]α˜)ˇ : F →
r
⊗V ∗F is well defined.
Its coordinate expression is
LX α = (X
λ∂λαj1...jr +X
i∂iαj1...jr + αij2...jr∂j1X
i + ... + αj1...jr−1i∂jrX
i)dj1⊗...⊗djr
where (j1, ... jr) is any permutation of the fibre indices, and where we have used greek
indices for the coordinates of the base space and latin indices for the fibres.
Proof. The coordinate expression shows that because of the projectabilty of X
the vertical restriction does not contain coefficients of the type α..µ... The result turns
out to be independent of the chart. QED
Thus, for each spacelike metric G, we call a projectable vector field X of E such
that LX G = 0 an infinitesimal symmetry of the spacelike metric G. An easy calculation
shows
Proposition 3.4. Let X be an infinitesimal spacetime symmetry and G a spacelike
metric. Then, we have the coordinate expression
LX G = {X
λ(∂λG
0
ij) +G
0
kj(∂iX
k) +G0ih(∂jX
k)}di⊗dj .
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Symmetries of connections
Let K be a spacetime connection, Γ a phase connection and γ a dynamical connection.
An easy calculation yields the following coordinate expressions.
Proposition 3.5. Let X be an infinitesimal spacetime symmetry. Then,
LX(1) Γ = {∂µX
i
0 − (Γλ
i
00 + Γλ
i
0kx
k
0)(∂µX
λ)− ∂λ(Γµ
i
00 + Γµ
i
0kx
k
0)X
λ
−Γµ
i
0kX
k
0 + (Γµ
j
00 + Γµ
j
0kx
k
0)(∂jX
i)} dµ⊗∂0i ,
LX(1) γ = u
0{X0(∂0γ
i
00) +X
i(∂jγ
j
00)− (∂0X
i
0)− (∂jX
i
0)x
j
0
+Xj0(∂
0
j γ
i
00)− γ
j
00(∂
0
jX
i
0)} ∂
0
i ,
LX(T ) K = {(∂λX
i)Γi
k
0µx˙
ν − ∂λ∂νX
kx˙ν +Xα∂αΓλ
k
0µx˙
µ
+(∂αX
i)Γλ
k
0µx˙
α − (∂jX
k)Γλ
i
0µx˙
µ} ∂˙k⊗d
λ .
Now let us consider the case when Γ and γ are the corresponding connections for a
spacetime connection K. The natural bijective correspondences 2.9 suggest the follow-
ing theorem.
Theorem 3.1. Let X be an infinitesimal spacetime symmetry. The following equiv-
alences hold
1) LX(T ) K = 0 ⇔ 2) LX(1) Γ = 0 ⇔ 3) LX(1) γ = 0
Proof. The proof of 1) ⇒ 2) ⇒ 3) follows easily in virtue of the Leibnitz rule
and the fact that X(1) is a symmetry of the contact maps.
The proof of 3) ⇒ 2) ⇒ 1) can be obtained easily by considering the expressions
of Lemma 3.5 which are polynomial in the coordinates xi0 or x˙
µ. QED
Symmetries of phase 2–forms
Let us consider a spacelike metric G and a phase connection Γ. Moreover, let Ω be
the corresponding dynamical phase 2–form, γ the corresponding dynamical connection
and E the corresponding Euler-Lagrange morphism. The natural correspondences 2.10
suggest the following theorem
Theorem 3.2. Let X be an infinitesimal symmetry of spacetime. The following
equivalence holds
1) LX(1) Ω = 0 ⇔ 2) LX(1) Γ = 0 , LX G = 0 .
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Proof. The definition (2.6) yields, LX(1) Ω = LX(1) ν[Γ]∧¯ϑ1+ν[Γ]∧¯LX(1) ϑ1+ν[Γ]∧˜ϑ1.
The proof of 2) ⇒ 1) can be seen directly because of the fact that X(1) is a symmetry
of ϑ1.
For the proof of 1) ⇒ 2) we consider the coordinate expressions LX(1) ν[Γ]∧¯ϑ1 =
G0ijα
i
µ0(d
µ∧dj−xj0d
µ∧d0) and ν[Γ]∧˜ϑ1 = β
0
ij(d
i
0∧d
j−xj0d
i
0∧d
0−Γiλ0d
λ∧dj+xj0Γ
i
λ0d
λ∧d0),
where we have set αiµ0 to be the coefficient of LX(1) Γ in Proposition 3.5 and β
0
ij the
coefficient of LX G in Proposition 3.4. It can be easily seen that, if the sum of these
expressions is zero, then, all αiµ0 and all β
0
ij have to be zero. QED
Moreover, the correspondences 2.10 suggest the following
Theorem 3.3. Let X be an infinitesimal spacetime symmetry. The following equiv-
alence holds.
1) LX(1) Ω = 0 ⇔ 2) LX(2) E = 0
Proof. Expression 2.7 yields LX(2) E = LX(1) ∇[γ]∧¯ϑ1 +∇[γ]∧¯LX(1) ϑ1 +∇[γ]∧˜ϑ1.
In analogy to the proof of Theorem 3.2 this yields the equivalence between the condition
LX(2) E = 0 and the two conditions LX G = 0, LX(1) ∇[γ] = 0. Clearly, LX(1) ∇[γ] = 0 is
equivalent to LX(1) γ = 0. Thus, Theorem 3.2 and Theorem 3.1 yield the result. QED
Eventually, we add an example of a distinguished nonholonomic infinitesimal sym-
metry of Ω.
Proposition 3.6. The corresponding dynamical connection γ is a nonholonomic
(scaled) infinitesimal symmetry of the cosymplectic structure (J1E,Ω, dt), i.e. Lγ Ω = 0
and Lγ dt = 0.
Proof. This follows directly from Cartan’s formula using iγ Ω = 0, iγ dt = 1 and
the closure of Ω. QED
We observe that this proposition is essentially the standard result for the Reeb vector
field of any cosymplectic structure applied to our particular case.
But we can even say more about γ.
Theorem 3.4. There is exactly one second order connection γ˜ such that Lγ˜ Ω = 0.
Namely, γ˜ = γ.
Proof. Let γ˜ be a second order connection such that Lγ˜Ω = 0. This implies that
there exists a local function f : J1E → IR such that iγ˜Ω = df . Using iγ Ω = 0, we get
iγ˜−γ Ω = df . Let us set c := γ˜ − γ; c is valued into T
∗⊗T∗⊗VE, and has coordinate
expression c = c0
i
0u
0⊗∂0i , with c0
i
0 := γ˜0
i
0 − γ0
i
0 : J1E → IR. We have to show that a
local function f only exists if c = 0. Calculating in coordinates using c0i := G
0
ijc0
i
0 one
gets the following system of equalities ∂0f = −c0ix
i
0, ∂if = c0i, ∂
0
i f = 0. This systems
implies that c = 0. Thus, γ˜ = γ. QED
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3.3 Noether Symmetries
Let us consider a closed dynamical phase 2–form Ω. The next proposition relates
infinitesimal symmetries of Ω to conserved quantities.
Lemma 3.4. Let Ω be a closed dynamical phase 2–form and let Y : J1E → TJ1E
be an infinitesimal symmetry of Ω. Then, the 1–form iY Ω is closed, and any local
potential function f of iY Ω is a conserved quantity.
Proof. LY Ω = 0 is locally equivalent to the closure of iY Ω. Hence, there is a local
function f such that df = iY Ω. Therefore, γ.f = df(γ) = iY Ω(γ) = iY iγ Ω = 0. QED
Symmetries of Poincare´–Cartan forms
Let us consider a local Poincare´–Cartan form Θ associated to Ω.
Clearly, any infinitesimal symmetry Y : J1E → TJ1E of Θ is an infinitesimal
symmetry of Ω. In fact, if LY Θ = 0, then 0 = dLY Θ = LY dΘ = LY Ω.
Now, we can formulate the following (Noether) theorem which relates holonomic
infinitesimal symmetries of Θ to conserved quantities.
Theorem 3.5. Let X be an infinitesimal spacetime symmetry which, additionally,
is a holonomic infinitesimal symmetry of Θ. Then, on the domain of Θ, iX(1) Ω is exact
and f := −iX Θ is a potential, hence, a conserved quantity.
Proof. 0 = LX(1) Θ = (d iX(1) + iX(1)d) Θ = d iX(1) Θ+ iX(1) Ω. This is equivalent to
the equation iX(1) Ω = −d iX(1) Θ = −d iX Θ. It follows directly from Lemma 3.4 that
−iX Θ is a conserved quantity. QED
Remark 3.1. In particular, if an observer o is a (scaled) infinitesimal symmetry of
Θ, then the Hamiltonian H [o] turns out to be the associated conserved quantity.
Symmetries of Lagrangians
Let L be the Lagrangian corresponding to a Poincare´-Cartan form Θ and let P be
the corresponding momentum. The natural correspondence 2.11 indicates the following
theorem
Theorem 3.6. Let X be an infinitesimal spacetime symmetry. Then, the following
equivalence holds
1) LX(1) Θ = 0 ⇔ 2) LX(1) L = 0
Proof. Both directions can be proved in analogy to the proof of the equivalence
LX(1) Γ = 0 ⇔ LX(1) γ = 0. QED
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Theorem 3.6 yields immediately another formulation of the (Noether) Theorem 3.5.
This version may be more popular to the physicist.
Corollary 3.1. Let X be an infinitesimal spacetime symmetry which, additionally,
is a holonomic infinitesimal symmetry of L. Then, on the domain of Θ, a conserved
quantity is given by
f := −(X yP +X yL) .
3.4 The momentum map in covariant classical mechanics
Let us suppose a closed dynamical phase 2–form Ω and a left action Φˆ : G × J1E →
J1E of a group G of symmetries of the cosymplectic structure (J1E,Ω, dt). That is,
Φˆ∗gΩ = Ω and Φˆ
∗
gdt = dt. Let g be the associated Lie algebra. Hence, L∂Φˆ(ξ)Ω = 0 and
L∂Φˆ(ξ) dt = 0 for all ξ ∈ g.
We would like to define a momentum map in our setting by analogy with the stan-
dard symplectic and cosymplectic literature [1, 6, 26, 27] and ref. therein.
Lemma 3.4 shows that any vector field Y of J1E is an infinitesimal symmetry of
Ω if and only if there exists a (local) function f such that iY Ω = d f . Clearly, f is
determined up to an additive constant c ∈ IR. Each f of this type is a conserved
quantity.
Analogously, we can easily see that the following lemma holds
Lemma 3.5. Let Y be any vector field of J1E. Then, Y is an infinitesimal sym-
metry of dt if and only if iY dt is a constant c ∈ T¯.
Hence, by Lemma 3.4 and Lemma 3.5, we can locally associate with any infinitesimal
symmetry ∂Φˆ(ξ) of Ω and dt locally a pair (fξ, τξ), where τξ is the constant dt(∂Φˆ(ξ))
and fξ is a potential function of i∂Φˆ(ξ)Ω. In the following we denote by Co(J1E) the
vector space of conserved quantities.
Definition 3.1. A (local) map J
J : g→ Co(J1E)× T¯ : ξ 7→ (Jξ, τξ) ,
where Jξ is a potential of i∂Φˆ(ξ)Ω and τξ := i∂Φˆ(ξ) dt for all ξ ∈ g, is said to be a
momentum map for the action Φˆ.
Remark 3.2. In general, a momentum map J is defined locally. But if we assume
suitable hypotheses on spacetime or on the Lie algebra g, then we can find a global
momentum map. Of course, a global J always exists if H1(E) = {0}. A detailed list of
other hypotheses under which J is globally defined is given in [27]; they are the same
as in our case.
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On the other hand, given a time scale τ , it is possible to associate with any function
f of J1E a distinguished vector field of J1E, namely, the τ -Hamiltonian lift of f . The
following theorem holds
Theorem 3.7. Let J be a momentum map for the action Φˆ and let Hτ [Jξ] be the
τ -Hamiltonian lift of Jξ with respect to an arbitrary time scale τ .
Then, the following equivalence holds
∂Φˆ(ξ) = Hτ [Jξ] ⇔ τ := τξ = i∂Φˆ(ξ) dt.
Proof. By recalling that γ.Jξ = 0 we obtain that iHτ [Jξ]Ω = dJξ−〈γ.Jξ, dt〉 = dJξ.
Hence, by observing that two vector fields X, Y : J1E → TJ1E are equal if and only if
iX dt = iY dt and iX Ω = iY Ω, we obtain the result. QED
This theorem shows, why we have included the time scale τξ in the definition of
momentum map. Again, we stress the fact, that the function Jξ is only determined up
to a gauge, whereas the time scale τξ is determined uniquely by ∂Φˆ(ξ).
It is obvious that we want to know if the map that associates to a pair (Jξ, τξ) its
τ -Hamiltonian lift H (Jξ, τξ) := Hτξ [Jξ] is a homomorphism of Lie algebras. Therefore,
we define the following bracket for pairs in Co(J1E)× T¯.
Definition 3.2. The bracket {(f, τ), (g, σ)} := (0, {f, g}) is said to be the Poisson
bracket of pairs.
Then we can prove the following theorem
Theorem 3.8. The map H is a homomorphism of Lie algebras between pairs (f, τ) ∈
Co(J1E) × T¯, with respect to the Poisson bracket of pairs, and vector fields Hτ [f ] of
J1E, with respect to the standard Lie bracket.
Proof. The equalities i[Hτ [f ],Hσ[g]] dt = [LHτ [f ], iHσ [g]] dt = LHτ [f ] σ − iHσ [g] dτ = 0
and i[Hτ [f ],Hσ[g]]Ω = [LHτ [f ], iHσ[g]] Ω = d iHτ [f ] iHσ [g]Ω+ iHτ [f ] LHσ [g]Ω− iHσ [g] LHτ [f ] Ω =
d{f, g}. yield the result. QED
Let us recall that the τ -Hamiltonian lift of a function f : J1E → IR is projectable on
a vector field X of E if and only if f is a special function and the second fibre derivative
of f (with respect to the velocities) is equal to the time scale τ . Thus, Theorem 3.7
yields the following theorem that relates the function Jξ to the time scale τξ.
Corollary 3.2. Let Φˆ be projectable on a left action Φ : G × E → E. Then, any
component Jξ of a momentum map for Φˆ is a quantisable function and the second fibre
derivative of Jξ is equal to the time scale τξ = dt(Φˆ(ξ)).
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Thus, in this case, each function Jξ encodes all information of the pair (Jξ, τξ).
Hence, we call the map J : g → Co(J1E) : ξ → J(ξ) := Jξ momentum map, denoted
by the same symbol J .
Now let us consider a Poincare´–Cartan form Θ. Furthermore, let us suppose that
Φˆ is holonomic, i.e. Φˆ = Φ(1) where Φ is a left action of G on E and, additionally, we
suppose that Φ preserves Θ. Then the following holds
Theorem 3.9. There exists a momentum map on the domain of Θ. Namely, the
map
Jξ = ∂Φ(ξ) yP + ∂Φ(ξ) yL .(3.14)
Let (ep) be a basis of g, and ξ = ξ
pep. Then, the coordinate expression is
Jξ = ξ
p
(
(∂pφ
i − xi0∂pφ
0) ∂0i L+ ∂pφ
0 L
)
,
Given an observer o, the momentum map can be expressed in terms of the observed
Hamiltonian H[o] and the observed momentum P[o] by
Jξ = ∂Φ(ξ) yP[o] + ∂Φ(ξ) yH[o] .(3.15)
Proof. The first expression follows simply from the contact splitting of Θ and
Theorem 3.5. The observer dependent expression of J follows simply from the splitting
of Θ through the observer.
The coordinate expression ∂φ(ξ) = ξp∂pφ
0∂0 + ξ
p∂pφ
i∂i with respect to a basis (ep)
yields the second expression. QED
Remark 3.3. There is a connection between the momentum of a Lagrangian and
the momentum map. In fact, let G be a group of vertical holonomic symmetries of Θ,
i.e. i∂Φ(ξ) dt = 0. Then we have the expression
Jξ = ∂φ(ξ) yP ≡ P(∂φ(ξ)) ,
so the momentum map coincides with the momentum of the Lagrangian.
3.5 General model of CCG
The general model of CCG is constituted by a spacetime t : ET , a spacelike metric G,
a spacetime connection K♮ (gravitational field) and a scaled 2–form f : E → (L1/2⊗
M1/2)⊗Λ2T ∗E of spacetime (electromagnetic field).
The gravitational connection K♮ yields the gravitational objects Γ♮, γ♮ and Ω♮
through the correspondences discussed in the above section: K ↔ Γ[K] ↔ γ[Γ] and
Γ↔ Ω[G,Γ].
On the other hand, given a charge q ∈ Q, it is convenient to introduce the normalised
form F := q
m
f : E → Λ2T ∗E. This form can be regarded naturally as a dynamical
phase 2–form.
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The first field equations for the gravitational and the electromagnetic field are as-
sumed to be dΩ♮ = 0 and dF = 0.
There is a natural way to incorporate the electromagnetic field in the gravitational
objects, by means of total objects of the type K = K♮ +Ke, Γ = Γ♮ + Γe, γ = γ♮ + γe
and Ω = Ω♮ + Ωe. In fact, we can start by considering a natural “minimal coupling”
[22, 9]
Ω := Ω♮ +
1
2
F ,(3.16)
where the factor 1
2
has been chosen just in order to obtain standard normalisation. Then
the other total objects are obtained by means of the correspondences K ↔ Γ[K]↔ γ[Γ]
and Γ↔ Ω[G,Γ]. In particular, −γe turns out to be the Lorentz force. The coefficients
of K turn out to be Kh
i
k = K
♮
h
i
k, K0
i
k = K
♮
0
i
k +
q
2m
F ik and K0
i
0 = K
♮
0
i
0 +
q
m
F i0.
This yields that dt ∧ Ωn = dt ∧ (Ω♮)n : J1E → T⊗Λ
nT ∗J1E is a (scaled) volume
form of J1E and that dΩ = 0. Therefore, the phase space J1E together with the total
phase 2–form Ω and the time form dt turns out to be a (scaled) cosymplectic manifold
[1, 3, 6]. The total dynamical connection γ turns out to be the (scaled) Reeb vector
field for this cosymplectic structure since iγ Ω = 0 and iγ dt = 1.
3.6 Examples
Now, we apply the machinery developed in the above subsection to analyse three groups
of symmetries acting in simple cases.
Example 3.1. We suppose the spacetime E to be an affine space with affine pro-
jection t. In this case VE ≃ E × S, where S := kerDt. So, we assume an Euclidean
scaled metric g on S.
Let us consider the vertical action
S ×E → E : (v, e0) 7→ (e0 + v) ;
Let K♮ be the natural flat connection on E and F = 0. Then, any Poincare´–Cartan
form exists globally and S0 is a group of symmetries of a Θ. The momentum map J is
just the standard linear momentum.
In fact, Θ is invariant with respect to spacelike translations. Of course, the Lie
algebra of S0 is S0 and we have the momentum map
J : S0 → C
∞(J1E, IR) : v 7→ J(v) ≡ pL(v) .
We have the coordinate expression pL0(v) = v
iGijx
j
0 (see remark 3.3).
Example 3.2. Assume the same spacetime and fields as in the above example, and
assume additionally that E ≃ T × P , i.e. , assume a complete observer o. Then, we
can consider the natural action
T× (T ×P )→ T ×P : (v, (τ,p)) 7→ (v + τ,p) .
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It turns out that T is a group of symmetries of Θ, i.e. o is a (scaled) infinitesimal
symmetry of Θ, and the momentum map J is just the (observed) kinetic energy H[o].
In fact, Θ is as in the above example, hence it is invariant with respect to time
translations because the metric does not depend on time. Of course, the Lie algebra of
T is T and we have the momentum map
J : T→ Co(J1E) : ξ 7→ J(ξ) ≡ ξ y (o yΘ) .
Obviously, J = H[o].
Example 3.3. Now, we suppose our spacetime to be T × SO(g), where g is the
metric of the above spacetime. The manifold T × SO(g) is interpreted as the configu-
ration space for the relative configurations of a rigid body with respect to the center of
mass (see [27, 32] for a more detailed account).
We assume the inertia tensor I as the scaled vertical metric. Consider the action
SO(g)× (T× SO(g))→ T× SO(g) : (A, (τ, B)) 7→ (τ, AB) .
Let K♮ be the natural flat connection on T × SO(g) and F = 0. Then, SO(g) is a
group of symmetries of Θ and a momentum map J is just the angular momentum.
In fact, as in the previous examples, Θ reduces to the kinetic energy of particles
with respect to the center of mass. This is obviously invariant with respect orthogonal
transformations [32]. We have the momentum map
J : so(ga)→ Co(T × T⊗TSO(g)) : ω 7→ Jω ≡ ω
∗
yP ,
where, by definition, P = VEL, with the coordinate expression P = Iijx
j
0dˇ
i. A simple
computation shows that
– ω∗ : SO(g)→ TSO(g) : r 7→ ω(r);
– ω∗ yP(v) = I(ω(r), v) = ω(r × v).
The Lie algebra of SO(ga) is so(ga), but the Hodge star isomorphism yields a natural
Lie algebra isomorphism so(ga) ≃ L
−1 ⊗ Sa. The isomorphism carries the Lie bracket
of so(ga) into the cross product. In this way, if ω ∈ so(ga) and ω¯ ∈ L
−1 ⊗ Sa is the
corresponding element, we can equivalently write
J : L−1 ⊗ Sa → Co(T × T⊗TSO(g)) : ω¯ 7→ Jω¯ ≡ I(r × v, ω) ,
where v ∈ T∗ ⊗ TRa ≡ J1(T ×Ra). This proves the last part of the statement.
4 Conclusions
In this paper we used natural bijective correspondences between distinguished objects in
the covariant classical Galilei theory as an indicator for relations between symmetries of
these objects. In particular, it turned out that the holonomic infinitesimal symmetries of
the objects spacelike metric, gravitational field and electromagnetic field are equivalent
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to the holonomic infinitesimal symmetries of induced cosymplectic structure. Moreover,
these symmetries are equivalent to the holonomic infinitesimal symmetries of the associ-
ated Euler-Lagrange morphism. Analogously, we saw that the holonomic infinitesimal
symmetries of the horizontal potential 1-forms of the cosymplectic form are equiva-
lent to the holonomic infinitesimal symmetries of the associated Lagrangians. These
results allowed us to give two equivalent versions of the Noether theorem, namely, a
‘Poincare´–Cartan’ version and a ‘Lagrangian’ version. Thus, we saw that the holonomic
infinitesimal symmetries of the cosymplectic structure yield the holonomic infinitesimal
symmetries of all physical objects and of the dynamics.
Then, we introduced a covariant momentum map in the model, associated with
cosymplectic symmetries. Here, the covariance with respect to units, lead us to intro-
duce a momentum map whose components are pairs, namely, a constant time scale and a
conserved quantity. A momentum map was determined only up to an additive constant
to the conserved quantities. We saw that any pair determines uniquely a covariant lift
(τ -Hamiltonian lift) of functions. We introduced a Poisson bracket for these pairs, such
that the covariant lift turned out to be a morphism of Lie algebras. Then, we showed
that for any action of cosymplectic symmetries which projects on an action on space-
time, the components of the momentum map turned out to be ‘quantisable functions’
and their second fibre derivative determined the constant time scale. This feature is
new with respect to standard symplectic momentum map formalism, and is mainly due
to covariance requirements. Its importance is fundamental in quantum mechanics. We
saw that, if the group of symmetries , additionally, preserves a given Poincare´–Cartan
form, then the momentum map is uniquely determined by the Poincare´–Cartan form.
Finally, we provided simple examples illustrating our results at work.
These results are promising in view of a next research about symmetries of quantised
systems.
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